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p\B(<bO\PB(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N
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t2 = f(t1) = g(t1)
p6Zf9 6 8FGJ
f
F S
g
p6FGJKB
atO\;
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JKDAB`D O\;=;
[p1]
•t1
1F S B£:HML  O\NB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 O\;=;LN;JKF\<<bO\PBAJO\;
O\JLNJKL<mL OP ^KNO\DAB-FP
N
8BAB-<?aKB$BMO\@C^KNB-F\
p′
LNJtuM 5M
6F\J  B S ;?BA9Gp-OP;?;?HM@B OPJ B£QHKL  O\YBAJKDB DANO\;?;
[p1]
•t1
 F S B KOP@^KYB ;?OP<mLY;=tB;
[p1]
•t1 ⊆ P 01
  9
NB@@O n p
[p1]
•t1 = [p1]
t0
1
• aKLNDbaDAF S?S B;?^[FGJK_K;`<?FO\JLNJKL<mL OP[^M O\DB-F\
N
¢ B-DAFGHMN_<maQHK;(<mO\\B O\;O\J
O\Y<?B S JtOP<mB-_MBtJKL<mLYFGJ-
P 0 = {p ∈ P : e(p) ⊆ P 01 }
07!
  : {   1|Mz(  & )  <LY;IFGZ  LNFGHK;=Y9 _KBKJKBA_ Zf9
p → t
aKBAJ
e(t) = t1
O\JK_
p = [p1]
•t1
F S ;?F\@B
p1 ∈ •t1
  HM<AptHK;?LYJKuNBA@C@O n pKB DAO\J_KB S L  B-<?aKB$;?LN@C^KYB S D S LY<?B S LNFGJ-
p→ t ⇐⇒ e(p) ⊆ •e(t)
LNJ
N1
0;!
¢B$^ S FDBAB_j;=9:@C@B< S LND/OPNY9F S
t→ p

. |  -  )  )LYuK 5 LNYNHK;o< S OP<mB;<maKLY;DAFGJK;o< S HKD<?LNFGJ klZK;=B S  B<?atOP<
p1R
t′
1
•
p′1
O\JM_
p1R
•t1p′′1
paKLNDba
S B;?HK<m;LNJ<F*DANO\;?;=BA;
	#^K O\DBA;LNJ
N
pZ FP<ma S B OP<?BA_<mF
p1
Zf9
e
  aKB;?B ^K O\DBA;x@HK;=<LYJK_KBAB_'Z B
_KLN;o<mLYJKuGHKLY;?aKB_-)Zf9 @CB S u\LNJKu-^KNO\DAB;
p′
O\JK_
p
LNJ
N
p    Zf9O\u\u S BufOP<mLYJKu-DANO\;?;=BA;T;?aKO S LYJKu$FGJKBF S @CF S B
^K OPDABA;F\
P1
pK<maKB S B;?HK<mLYJKu
e
FGHKY_KJ <WZ[B O @F S ^KaKLY;?@ 06 r  LYFG O#<mBA_ 
   % (! # %   "! %!
e : N → N1
(»y| &  z   {- = (1y
.) 6 n aKFGN_M;-ZQ9j_KBKJKLY<?LNFGJpO\JK_ LY<?a <maKBI< S LNDbF\1O\\B LYJKLY<?L O\
< S O\JK;?L<mLYFGJK;Ap 6`h LY;EODFGJK;=BA£QHKBAJMDABFP!6 r O\JK_ 6 8KpMaKLYDbaB$FGJKY9"JKBAB_<?FCB MO\@LYJKB\
 "! ±@2# ! ±=²D4 2A¾»¾»³½º#³3/¶³H#7E³¶¾ p1 g←→ p2 f←→ p′1 = º*#-#
! ³¿¾D52/±=¾ B #¹
G±=µ<#D# ! ±I4}²:282 ¸·
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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 ! "# ;
p’1
p2
t2
t’2
t1
t’1
p1
p"1
f
f
f
g
g
g
g
t
t’
e
e
e
e
e
e
p
p’
 )LNu\H S B 5           
(N , e)   #   " N1  
	     N2              	   
f, g

   
	   
t′, t′1, t
′
2

	      '    0 0     


             
		
     	    *
6 8FGZ  LNFGHK;=Y9aKFGY_K;EZQ9DFGJK;=< S HKD<mLYFGJ F\^M O\DBA;XFP
P
(L
t1 = e(t)
p <?aKBAJ
eop : •t1 → •t
_KBtJKB_
Zf9
eop(p1) = [p1]
•t1
LN;OI<mF\<mO\HKJMD<mLYFGJ8LY@LY O S Y9IF S
eop : t1
• → t•

 tF S 6 r p)DAF\JK;?LY_KB S
p → t
LYJ
N
p;?HKDba <matOP<
p
e
←→ p1
O\JM_
e(t) = t1
C¢BO\Jf<<?FjDbaKBDb3<?atOP<
p1 →1 t1
LNJ
N1
  9 _KBtJKL<mLNF\J F\<maKB +tFs LNJ
N
pFGJKBatOP;
p → t
L
e(p) ⊆ •e(t) = •t1
pO\JK_
p
e
←→ p1
L 
p1 ∈ p
p;?F
p1 →1 t1
aMFGN_K;  aKB ;?O\@B S BAO\;?FGJMLNJKu^ S F  BA;l<?atOP<
e : •p → •p1
LY;-O\Y;?FxO
<mF\<mO\HKJMD<mLYFGJ
N
(»y| yA|   &  z*)  9 O;o<bO\JK_KO S _ O S uGHK@CBAJf<$;?LYJKDAB
e : N → N1
LN;$OJKB<@CF S ^KaKLN;=@pLY<-@O\^K;
S HKJM;`F\
N
<?F S HMJK;(F\
N1
T8F L
N
LY;JKFP<`;mOPBPpMFGJMBlF\LY<?; S HKJxtNY;;=FG@CBl^K OPDABWL<max@CF S BW<maKO\JFGJKB
<mFGPBAJptaKLYDba S B  B/O\Y;EZf9
e
OCJMFGJ;mOPB S HMJLYJ
N1
pKZ[BADAO\HK;=B
e
LN;OI<mF\<mO\HKJMD<mLYFGJFGJ
T

(N , e)
y|Mz)(1y  y z)=  ~    	zs|Mz)(    (|6{#| .)	 aKLY;ILN; < S HKBxZf9 DFGJK;=< S HKD<mLYFGJ F S <?aKBx^tO S <mLNO\
HKJKD<mLNF\JK;FGJ < S O\JM;?LY<?LNFGJM;A  <"OPN;?F3aKF\N_K;NF:D/OPNY93F SS BA O#<mLNF\JK; FGJ ^K O\DBA;p     O S FGHKJM_ < S LN^MNBA;F\
< S O\JK;?L<mLYFGJK;
(t, t1, t2)
L<ma
t1 = e(t), t2 = f(t1) = g(t1)
  aKLN;O\YNFs; <?F S B/O\Dba DFG@^MNB<?BA9 <maKB
^K OPDAB S B OP<?LNFGJK;
e, f, g

  !   %  
X;=;?HK@CBI<maKB^tO\L S
(N3, h)
;?OP<mLY;=tB;
f ◦ h = g ◦ h
pLY<?a
N3 = (P3, T3,→3, P 03 )
O\JK_
h : N3 → N1

¢B$YFFGCF S O 1HKJMLN£QHKB 
ψ : N3 →N
;?OP<mLY;= 9:LYJKu
h = e ◦ ψ

  & (z)(  & 
ψ
) klJ< S O\JK;=LY<mLYFGJK;p
ψ
LN;xHMJKLN£QHKBY9 uGL  BAJ Zf9
ψ = e−1 ◦ h
pWOP;LY<"O\;;=BABAJ LNJ
;?BD<mLYFGJ r  n  n 
 tF S ^K O\DBA;pDFGJK;=LN_KB S Ox< S LN^MNB
(t3, t, t1) ∈ T3 × T × T1
F\ S B OP<?BA_ < S O\JK;=LY<mLYFGJK;
ψ(t3) = t
O\JM_
h(t3) = t1 = e(t)
¢ B;mO/9<maKOP<l;=HKDba3OC< S LN^MNB
(t3, t, t1)
 0    N     S FG@ ;?BD<mLYFGJ r  n ¶hp6B
QJKFs<matO#<
ψop : •t→ •t3
LN;`HKJKLY£QHKBA9x_KBtJKBA_ S FG@
hop : •t1 → •t3
Zf9
∀p1 ∈
•t1, ψ
op([p1]
•t1) = hop(p1) ∩
•t3
 n q!
 S BAD/OPN<maKOP<
hop
LN;`JMBADAB;?;?O S LYY9DANO\;?;LYJ  O S L O\Jf<FGJ
•t1
 ¢ B$^ S F:DABBA_j;=LN@CLNNO S 9 <mFC_KBtJMB
ψop : t• →
t3
•

@A@CBED'FGH'H
n q    	
ψ
y|Mz)(1y  y z=  ~    	z/|Mz)(    (|6{}| .)  9*DAFGJM;=< S HKD<?LNFGJ F\
ψ
p
h = e ◦ ψ
LN;FGZ  LNF\HK;FGJ
< S O\JK;?L<mLYFGJK;ApEO\JM_ YFDAO\N9*FGJ ^KNO\DAB;      O S FGHMJK_ < S LNO\JKuGYBA;F\$< S OPJK;?L<mLNF\JK;   F*;?aKFs%<matO#<<maKB
S B OP<?LNFGJaKFGY_K;uGNF\ZtO\N9"F\J^KNO\DAB;Ap6DAF\JK;?LY_KB S
p3 ∈ P3
  9O\;=;?HK@C^M<mLYFGJp
p3
LN;DAF\JKJKBAD<mB_j<mFOP<ENBAO\;=<
FGJKBE< S OPJK;?L<mLNF\J
t3
LNJ
N3
 
h
LN;_KBtJMBA_OP<
p3
O\JK_
p3
h
←→ p1
pQ<maMBAJ
h
LY;O\Y;?F _KBKJKBA_O#<
t3
Zf9 6 r p
h(t3) = t1 ∈ T
O\JM_
p1
LN;DAFGJMJKBAD<mBA_<mF
t1
(¢B$<maKBJjHK;=B
h = e ◦ ψ
O S FGHKJK_<maKB$< S L O\JKu\NB
(t3, t, t1)
p
aKB S B
t = ψ(t3)

ψ
(1y| &  z  {- = (1y
.)  <(F\Z  LYFGHK;?9C;mOP<?LN;=KBA; 6 n pKO\JK_ 6 8 LN;LN@C^ FG;=BA_ZQ9C<maMBXDAF\JK;=< S HKD<mLNF\JF\
ψFGJ^K O\DBA;8FF\JKY9 6 r atOP;<?FZ B-DbaKBDb\B_p aKLYDbaLY;(<maKB$_KL CDAHK<^tO S <FP¡<?aKB$^ S F:F\©
1p
1t
1t’
3t
3t’
3p
e
h
ψ
p
t
t’
p’
 )LNuGH S B$g      
ψ
 0  	  
 tF S 6 r p DFGJK;?LY_KB S O^tO\L S F\)^K OPDABA;
(p3, p) ∈ P3 × P
S BANOP<mB_Zf9
ψ
    
p3
ψ
←→ p
O\JK_jO\;?;=HK@B
p3 → t3
LYJ
N3
 ¢ BI(OPJQ<-<?F;?aKFs <matO#<
ψ
LN;X_KBtJMBA_ OP<
t3
pOPJK_
ψ(t3) ∈ p•
LYJ
N
  9j_KBKJKLY<?LNFGJ
F\
ψ
FGJ^KNO\DAB;ApM<?aKB S B-BLN;o<m;EO< S L O\JMuGNB
(t′3, t
′, t′1) ∈ T3 × T × T1
;?HMDba<?atOP<(F S BMO\@C^KNB
t′3 →3 p3
p
t′1 →1 p1
p
t→ p
O\JM_
p = [p1]
t′
1
• ;?BB  ¡LNuKKg 
h
LN;X_KBtJMBA_ OP<
p3
p<?aQHK; O\N;=FOP<
t3
Zf9 6 r 8LNJMDAB
f ◦ h = g ◦ h
pFGJKB atOP;
t1 = h(t3) ∈ T
I8:F
<maKB S BBLN;o<m;
t ∈ T
L<ma
e(t) = t1
OPJK_<?a:HM;WBIO\ S B/OP_M9QJKFs <matO#<
ψ
LN;_KBtJKB_3OP<
t3

ψ(t3) = t

JF\<maMB S F S _M;Ap
(t3, t, t1) ∈ T3× T × T1
F S @C;(O\JMF\<maKB S < S L OPJKuGNBP8LYJKDAB
e
LY;(OI@CF S ^MaKLN;=@pQNB<
p′
Z B
<maKBWLN@O\uGBF\
p1
Zf9
eop : •t1 →
•t
p:;?F
p′ = [p1]
•t1
  9C_KBtJMLY<mLYFGJCF\
ψ
LNJC<maKBE^ S B;?B<m;(F\<maKBE< S LNO\JKuGYB
(t3, t, t1)
p;?BAB  n q! pMFGJMBXatO\;
p3
ψ
←→ p′
  FIDAFGJMDANHM_KBX<maMBl^ S F:F\©pQBW<maQHK;`atO  BW<mFI;=aKFs <?atOP<
p = p′

¢B$B;?;?BJf<mL OPNY9"HK;?B$<maMB$1OPD<`<maKOP<
h
LN;O @CF S ^MaKLN;=@ ;mO#<mLN;o 9:LNJKu
f ◦ h = g ◦ h

 B<
p′1
Z BO^K O\DBFP
t′1
• ;=HKDba<?atOP<
p1 ≡t
′
1
•
p′1
¢ BQJKFs <?atOP<
p3
h
←→ p′1
pPZ[BADAO\HK;?B
hop : t′1
• → t′3
•
LN;D O\;=;LNJ  O S LNO\Jf< 1O$DFGJK;=BA£QHKBAJMDABEF\
f ◦h = g◦h
 , S FG@
p3 →3 t3
LNJ
N3
O\JK_
p3
h
←→ p′1
pGB`_KB S L  B
Zf9 6 r <matOP<
p′1 →1 t1 = h(t
′)
¢ BO S B JKFs BMO\D<?Y9jLNJ <maMB ;?LY<?HtOP<?LNFGJ F\YBA@C@"O n p;?F
p1 ≡
•t1 p′1

¢B$atO  B <?a:HM;W^ S F  BA_<matO#<
[p1]
t′
1
• O\JK_
[p1]
•t1
O S B$LN_MBAJf<mLYD/O\»pMF S LYJFP<maKB S F S _K;
p = p̄

 	
 A
¢B JKFs S B/O\;=;?BA@ZKNBO\NBNB@BJQ<?;E<?F^ S F  LN_KB O_MBtJKL<mLYFGJF S ^KHKNYZtO\DbQ;EF\;?OPBNO\Z[BANB_JKB<?;A  aKB
JKB:<;?BAD<mLYFGJ S BAD/OPNN;$<maMB^ S F_MHKD<_KBKJKLY<?LNFGJ »O\;=;?HK@CLNJMujO;?LN@C^KYBC;o9:JKDba S F\JKLNAOP<mLYFGJ O\YuGBAZ S O! p<?atOP<
B DAF\@IZKLNJMBl<mF <maKB$B£:HKO\NLYAB S <?FFGZM<bOPLNJ<maKB$^KHMNNZKO\Db6
 *}³1Cb¹0/¶± B #&/17 = > ±µ<2*/15
! ¹BC±¹¾´¾+*%(±65 # ! ¹.#I# ! ±²´±A/¿¹.#´±;5 4/¿¹µ©±?¾I/¶³½±³ B # ! ±E4}²»±?¾1±A#´¾³ B ¾#´±=¹5 2¸ 42¾+# ¾»±<#´¾ 2 ¸¹
#´²´¹ B ¾1³3#»³12 B #»²´³¿¹ B ,J/½±·
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 nGn
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    %'" # 
 B<
Ni = (Pi, Ti,→i, P 0i ,Λi, λi), i = 1, 2
Z B<Fj O\Z[BAYBA_3JKB<?;A  tF S JKB<^ S F_MHKD<?;Ap¡BxOP;?;?HM@BO
;?LY@^KYBI;=9:JKDba S FGJKLY/OP<?LNFGJ O\YuGBAZ S O(W<F< S OPJK;?L<mLNF\JK;lD/O S?S 9:LYJKu<maKB ;?O\@B NO\Z[BA)aKO  BC<?F;=9:JKDba S FGJKLYAB\p
aKLNYBE< S O\JM;?LY<?LNFGJM;DAO S?S 9:LNJKuO^ S L  OP<mBE OPZ B S BA@O\LYJ^ S L  OP<?B\ RS L  OP<mBE O\Z[BAY;O S B<maKF\;?BXLYJ
(Λ1 \Λ2)∪
(Λ2 \Λ1)
  aKBX^ S F:_KHKD<
N̄ = N1×N N2
OPJK_"<maMB-O\;?;=FDL OP<?BA_x^ S F#U=BD<mLYFGJK;
πi : N̄ → Ni
O S BX_KBtJKB_
O\;`FGNYFs;
n 
P̄ = {(p1, ?) : p1 ∈ P1} ∪ {(?, p2) : p2 ∈ P2}
T_KLN; U=FGLNJf<`HKJMLNFGJF\¡^K OPDABA;p
πi(p1, p2) = pi
LY
pi 6= ?
O\JM_LY;`HKJK_KBtJKBA_F\<maMB S LY;?BPp
h
P̄ 0 = π−11 (P
0
1 ) ∪ π
−1
2 (P
0
2 )
p
r (<maMB$< S O\JM;?LY<?LNFGJ;=B<
T̄
LY;uGL  BAJZf9
T̄ = {(t1, ?) : t1 ∈ T1, λ1(t1) ∈ Λ1 \ Λ2}
∪ {(?, t2) : t2 ∈ T2, λ2(t2) ∈ Λ2 \ Λ1}
∪ {(t1, t2) ∈ T1 × T2 : λ1(t1) = λ2(t2) ∈ Λ1 ∩ Λ2}
πi(t1, t2) = ti
LY
ti 6= ?
O\JM_LY;`HKJK_KBtJKBA_F\<maMB S LY;?BPp
8K(<maMB +tFs
→
LY;W_KBtJKB_ ZQ9
•t = •π1(t) ∪ •π2(t)
O\JM_
t• = π1(t)
• ∪ π2(t)
• p O\;?;=HK@CLNJKu •πi(t) =
πi(t)
• = ∅
LY
πi
LY;`HKJK_KBtJKB_ FGJ
t
p
e
Λ̄ = Λ1 ∪ Λ2
O\JK_
λ̄
LN;(<?aKB$HKJKLN£QHKB$NO\Z BNLYJKu^ S BA;=B S BA_ Zf9<?aKB
πi

      #
X;=;?HK@CBX<maMB
fi : Ni →N0
O S BX@CF S ^KaMLN;?@C;TF\ OPZ BNBA_CJKB<m;A  aKBW^KHKYNZtO\Db
N = N1 ∧N2
LY;_KBtJKB_
O\;`FGNYFs;ApMZf9DFG@IZKLYJKLNJKuI<?aKB-_KBtJKLY<?LNFGJM;`F\)^ S F:_KHKD<WO\JM_B£:HKO\NLYAB S ;?BD<mLYFGJh 
 {}| & y(z(  & y ) ¢ BI_KLY;=<mLYJKuGHKLY;?a ©;?aKO S B_ 
< S O\JM;?LY<?LNFGJM;WLYJ
N1
OPJK_
N2
p    $<?aKFG;=B atO  LYJKuO\J LY@"OPuGB
LNJ
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